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Chapter Seven

KIRDS OF WECESSARY TRUTH

In chapter six I explained what is meant by saying
hat a proposition is analytic, and showed how it is
ossible to know that such a proposition is true inde-
'fwﬁtntly any observation of facts. The features of

A analytic proposition in virtue of which it is true
msure that it would be true in all possible states of
ffairs, 8o we can eay that it ocould not possibly be
alse, that it must be true, that it ie necessarily true,
nd so on. All these truth-guaranteeing features are
Sopic-neutral and can be described in purely logical terms,
Mol as that the proposition is made up of certain logical
fords in a certain order, with non-logical words whose
eanings stand in certain identifying relations. This
shapter will be concerned with the guestion whether there
18 any other way in which a proposition can be necessarily

in order to give this question a clear sense I must
IXplain what is meant by "necessary”, that ig, give an
ieeount of the way in which the neceasary-contingent
iistinction is to be applied. I shall start off by
talking about the meaning of "possible®. The next
Section will attempt to explain the meaning of "necessary".
he rest of the chapter will be concerned to describe and
listinguish kinds of necessary truths, and ways in whiech
yrepaaitian;may be known to be true independently of
gervation of contingent facts.

(Throughout the chapter it must be remembered that
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'ihil theais is written from the point of view described
4in section 1.B.)

r‘?.k.

f?.&.l. We have reached the stage at which it is not
enough to have only a rough intultive grasp oi the
ﬁnseosaary-aantingeat distinction. If we are to make
any further progress with the problem of synthetic
pecessary truth we must try to see clearly exactly what
this distinotion, or family of distinctions, comes to.
I It is often pointed out that there is a close
:aennaetion,betwoenthn notion of necessity and the notion
~ of possibility. A statement is necessarily true if it
- would be true in all possible states of affairs, or if
it is not possible that it should be false. Thia is
- sometimes put by saying that necessity is definable in
 terms of possibility and negation. I do not think the
- connection 1s quite as simple as some logicians would
~ have us believe (3ee TeBal, T«B.,10). There certainly
is a close connection between the two notions, however,
go I shall try, in this section, to explain how we can
understand talk about possibility, or sbout "what might
. have been the case”, .
| In order to do this, I shall make use of the very
general facts which, in chapter two, 1 argued to De
presupposed by statements about the meanings of words in
fnelish and similar langusag (See section 2.5,
especially 2.8.,6.) These are facts such as that our
sentences describe states of affairs which can be thought
of sg made up of material objects possessing observable
properties and stending in observable relations. Fore
specifically, I shall rely on some of the argumentis in
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- 2.D to the effect that in this conceptual scheme

. universals (properties and relations) are not essentially
l'tiad to the particular objects which happen to instan-

| tiate them. (Cf. 2.D.5,ff., 3.0.3,ff.)

[ T_?.A.z. It i1s worth noting that the notions of necessity
I"ﬁ-tmﬂ possibility are not merely technical notions invented
- by philosophers, for we are all able %o use the follow-
~ ing words and expressions: "necessary", "necessarily",
?;'paaaible“. "impossible”, "mast", "had to happen”,
"eouldn't have happened", "cause™, "if so and so had
happened®, "1f only I had done so and so ...%, ete.
Think of the words of the popular song: "That's the
. way it's got to be"!
gy Despite their familiarity, these notione are
puzzling because they are "non-empirical® in a strange
# WaY . we can point to what is the case, but we cannot
point to what isn't the case and might have been.
Worse still, we cannot point to what is not the case
and could not have been, At any rate, we cannot produce
examples to be looked at, in the way in which we can
produce or point to actual observable states of affairs,
or events. How then do we learn to understand these
zindas of expreesionsg in the first place? The clue geens
to be provided by a fact pointed out in 2.C.6, namely
that in order to decide that something or other is
posaible, we have to consider properties, or, more
generally, properties and relations and ask whether they
are connected or not. (There are really many different
kinds of necessity and possibility: I shall not discuss
then all.)

Tehede Let us consider some examples. The piece of
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- paper in front of me is not blue and square, but it
‘might have been, or at any rate there might have been a
- blue and square piece of paper in front of me. The
.~ plece of paper which is in front of me is white and
. oblong, but it might have been different. There is
- a cardboard.box on my table; it has a 1lid which is
fﬁnnithar wiilte nor oblong, though it might have been both.
- There is no paper on the floor near my chair, but there
. might have been, and it might have been either white and
. oblong or blue and square (or it might have had other
. shapes and colours).
' What lies behind all this, is simply the fact, %o
'*whiah I have already drunnbattnnmion,l that universals
, . t essentially tied to those particular objects

. which happen to instantiate them. Universals are not
- extensional entities, they exist independently of the
- classes of objects which actually possess them. AB
. remarked previously, one can have a property in mind,
think about it, attend to it, recall it, associate a
word with it, talk about it, etec., without thinking
about any actual particular object wihich has that property.
Heither the property of being blue and square nor the
property of being white and oblong is essentially tied
to the particular material objects which actually have
them, Hor are they essentislly tied to the times and
places at% which, as a.mat%ar‘af fact, they ocan be observed.
éhen we see the properties of objects, Or the relations
in which they stand, we can see that they are not the
aorts of things which have t0 o¢cur where they do occur.

) (2.31»6. 2¢D03g 3:{3-3. ete-)
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7.A.4. This possibility of recurrence is, after all,
mt nakes us desoribe properties and relstions as
|¢ pniversals, and contrast them with particulars
m isalate out three aspects of their um.ﬂmaliw.
| Firet of all there is actual recurrence. The
whitensss of the piece of paper on which I am typing

is a property which it shares with many other objscte
?uiati ng 4t the same time and at different tinmes.
Secondly, other objects exist which, although they are
not instances of the property, might have been. The

- box on my table is not white, but it might have been.

- Thirdly, there might have existed objects which do not

- in fact exist (there might have been a plece of paper on
- the floor next to my chair), and if they had existed,

~ then they might have had these properties. If there

~ had been a piece of paper on the floor next to my chair,
" it might have been white.

” SJome philosophers would explain the universality of
mparties in terms of the first of these three aspects,

. namely actual recurrence, but this will not do s for thers
. are probably properties such as very complicated shapes,
. which are, 28 a metter of fact, instantiated by exactly

~ one object, or possibly by no obiects at =11,

T+4.5. Universals gan recur, even when they do not in
. fact do so, HNow how do we know this?
| ' ¥hen I look at an object pey attention to one of
- 1ts properties which does not have any other instances,

- how do I tell that that property is the sort of thing
wiiich eould occur elsewhere, even though it does not.
is it simply & generalisation from experience? Is it
because 1 have seen many objects which share properties
that I come to believe that this specific property at
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which 1 am looking is also the sort of thing which could
‘be shared by several objects? If it were an empirical
generalization, then I should have to leave open the
possibility of sn empirical refutation, or at least
eounter-evidence, but there does not seem to be any such
possibllity. Apart from the fact that I do not know what
7i¢rt of experience would count as a refutation or as
gounter-evidence, the suggestion aeems to be nonsensical
because the sort of doubt which is appropriate to an
}ﬂmpirieal generalization does not seem to be appropriate

| (Indeed, the poasibility of recurrence of universals
sregupposed by any empirical generalization,)

| It seems that when 1 look at the shape or the aaleur
of an object, I can gee then and there that what I am

f  ?1@@kin3*nt is the sort of thing which ean recur, since

~ there is nothing about it which ties it essentiaslly to
;_tnis object, or this place and time.

 T.A.6, When I look at a colour and see that it is the
:'J-n@rt of thing which could oeour in other objecta at other
b places and times, 1 do this by abstracting from the

~ particular gircumstances of its occurrence, such as the
. faot that it is yﬂaacaaed by this piece of paper here and
- now, is being looked at by this person, can be found to
" be two feet away from that particular table, and so on.

I believe that this sort af abstraction is often

O P¢E, A.?l}, B.?4l)$

"The single figure which we draw is empirical, and
yet it serves to express the concept without impairing

its universality ... for in this empirical intuition
ve consider only the act whereby we construct the
goncept, and abstract from the many determinations
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(for instance, the magnitude of the sides and of the
angles), which are quite indifferent ss not altering
the concept 'triangle'’."

I think £ant confuses two things which are very often
confused, but which must be very carefully distinguished,
pamely universality and generality, both of which may be
:”1nwvlrtﬂ in one universal (or concept) "expressed" by a
- particular material object. Jalversality is common in

- the same way %o all prapertiea. but some properties are
m reneral (or less specific) than others. The
~ universality of a property consisis in the possibility
- of its ccowrring in other objects than those which
- actually instantiate iv, The generality of a property
/ (or concept) consists in the possibility of its occurring
~ in several different objects in different forms. I do
. not know whether there is & sense in which properties

_ can.ha thought of as general or non-specific in any
 gbsolute way, but there is certainly a relative general-
! upsaifie distinotion. 'The property of being a triangle
"; is zore general, or less specific, than the property of
,' being an isosceles triangle. A specific shade of red
is more specific, or less gensral, than the hue, redness.
(CLf. 3.4.1.)

In order to perceive the (relative) generality
property we have to abatract from the specific features
of an object which has that property. In Kant's exaaple,
wa have to abstract from the specific ratios between the
sidea of a triangle and the specific sizes of the angles,
i1te specific orientation, and s0 on, in order to perceive
the generality of the property of being triangular. But
this sort of abstraction is not what concerns us at
present: we are interested not in sbstraction from
specific features, but in abstraction frowm particulsr

R
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circumstances: that ie what occurs when we see a
property as the sort of ithing which gan recur, whether
; actually does 80 or not, that is, a8 a universal,
‘ is presupposed by the other kKind of abstraction, for
only if it makes sense t0 talk of a property as being
possessed by other objects does it make sense to talk
of other objects as possessing other determinate
(epecific) forms of this property.

TehsTe 1t should be clear that I am not trying to define
‘the notion of possibility or "what might have been” in
terms of what can be conceived or imagined: I am not

- paying "P is possible” means "V can be imagined”,

| Imaginability is not = criterion for possibility nor

i vice versa. There mey be things which are posgsible

- though no human being can imagine them, either owing

%o lack of experience, or owing to complexity. fhere
my be colours which have never yet been seen and cannot

. be imagined at present, or shapes too complicated to be

. taken in. Worse gtill, people have imegined or conceived
. of things which later turned out to be impossible.

.. | Yor example, one nas to be & rather sophisticated

. methematician to be unable to imegine trisecting an angle
. with ruler and compesses, and in the sense in which most
of us can imegine that, it is surely possible for souneone
- who is 89ill more unsophisticated than we are o imegine

' seeing & round Bquare. (Someone might draw a straight
line and say that it was a picture of a round sguare seen
from the edgel) So it will certainly not 4o merely to
say that what is possible is what can be imasgined, or that
what 1s necessary is what could not be congceived to be
otherwise: it will not do to offer this as a definitior
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vhat I am saying ig rather thie: look at what goes

on when you imagine what 1t would be like for something
‘%0 be the case, and then you will see more clearly, from
@2 philosophical point of view, what it is to describe

'a state of affaires as "possible”. The important thing
4 that the various properties (and relations) which we

- gan see in the world need not be arranged as they are,

" 4n the instances which they happen to have, and we acknow-
- ledge and make use of this fact when we imagine non-
-:'xiatant states of affelrs, or when we talk about thesm

- or write stories about them or wish for them, or draw
. pictures of them. In short, that which makes imagin-
~ @bility possible in some cases, is what explains how

{ states of affaire may be possible though not actual,
. namely, the loose connection between universals and
~ their sotual instances.

TAheB, All this may be used to explain the notion of the
get of "truth-conditions® of a proposition. We have
- peen (ef. 5.%.1) that in general whether the proposition
- expressed by a sentence 5 is true or not depends on three
~ things:
(a) the non-logical words in 9 and their meaning

(b) the logical form, and corresponding logical
technique "

(c) facts, or the way‘té-&sa happen to be in the world.
This showas that when & logics)l form, and a set of non-
logical worde are combined to form a sentence expressing
g proposition, the linguistic rolss of the logleal constants,
and the semantic correlations governing the non-logical
words together determine & set of possible states of
affairs in which to utter the sentence would be to make a
true statement. These are the “"conditions™ in which
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applying the logical technique for determining it:
truth-value would yield the result "true". There is

t usually just gne truth-condition, as pointed out in
‘,;hll. Every statement ignores some aspects of the
tatu of affaire in which 1t would be true., Variastions
ﬁ these "irrelevant" aspects help to increase the size

f' »f the clasa of possible states of affairs in which such
2 statement would be true. Whether it is true or not
.peads on whether one of these possible states of affairs
wetually obtains, i.e. 18 a fact. (This can be gener-
1lized., If H 1s any rogator, and T is one of the values
mah it can take, and 1f 4 is an argument-set for

' that rogator, then R and A together determine a class of
_}ouiblo atates of affairs, or T-conditions, namely those
" in which applying the technique for determining the value
' of R for A would yield the result T. ‘“"Rogator"” was
 @efined in 5.B.6,)

- T+4.9. By taking note of the fact that universals can

- recur, that is by abstracting from the particular cir-

. gumstances in which we see shapes, colours, and other

| properties, we are able to learn such things _

. book might have been the colour of that one, there might

- have been a box on the floor the same shape as the one on

,; the table, there might have been pennies in ny right-hand

pocket instead of in my left~hand pocket., It should

~ be atressed that there is nothing mysterious in this:

. apprehending the universality of a shape or colour or

+ other property, does not involve making use of "inner-eyes"

- or oOther occult facultiem: it is Jjust & matter of using

. prdinary intelligence and ordinary eyes and imaginstion.

. We thnrcby take note of very genersl facts but for which
- pur language, thought, and experience could not have been
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. the sorts of tuinge which they are. (See chapter two,
| gection B!)

ﬂ;?.ﬁ.lﬁ. ALl this shows that there is a pon~linguist
- kind of possibility. By this I mean merely that when
" we talk about possibllities we are not talking about
. combinations of words which are permitted by the rules
i of some language. Contrast this with Schnlick's remark
(Feigl and Sellars, p.l5%4): "I call a fact or process
. 'logically possible' if it can be gdescribed . .
the sentence which lg supposed to descoribe it chays the
rules of grammar we have gtipulated for our language,"”
ihe class of poseible states of affairs is much
. more complex and numerous than the class of sentences
formulable in any language. séntences are discrete
and individually describable, and, at any one time,
either finite in number or able to be arranged in a
fairly simple sequence, unlike possible states of affairs,
wiiich shade continuously into one another in many
different dimensions. (Austin: "Fact is richer than
diction.”)

? Tehoells Further, it should be noted that the concept of
possibility cannot be reduced to that of logical possi-
bility or analytlc poasibiiiﬁy. 40 say that a proposi-
ticn is not a formal or analytic falsehood 1a to say that
one cannot show it to be false merely by considering the
- meanings of words and the logical techniques of veri-

. fication corresponding to its loglieal form., This simply
means that obaservation of the facts may be relevant to
determining its truith-value. it does not imply that

.
|

~ any state of affairs 1ls a possible ons, or that there is
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8 [on-empu} class of possible states of affalrs corres-
ponding to it as truth-conditions. For the question
whether, for some gther reason, the truth-value would
"gome out as "false" in all possible states of affairs
ﬁﬁ; atill left open. At any rate, some argunent is
fthuirad tn mshow that it is not left open: and that

;ihawa shat there sre different concepts of possibility
hare.

1 o mum up, knowing what possibility is, is not &

- matter of knowins the laws of loglc anc geeing which
_fdasaription; of possible states of affairs do not
gontradict them, neither is 1% s matter of knowing which
. gombinations of words are permitted by the rules of

' lang It is a matter of knowing that the

and their propertles

nade up of material thinge

and relations, and knowing that these properties and

. relations are not essentially tied to those material

_things which sotuslly instantiate them, that they need

. not osccur in the arrangements in which they do ogccur, or

 at the places and times at which they do ocour. Uther

 factors might have been taken into account, guch as

- loose ties between particulars and the actual piaces

}ﬁ-anﬁ times at which they exist, (This table is here nowv,

.~ but it might have been next door.) These factors will
be ignored, not being relevant to our main problen,

~  (Note. This conception of possibility can be used to
. solve some philosophical problems. For exanple, it makes
puzzles about the identity of indiscernibles dlsappesYr.
 If "indiscernible® means “"could not noasibly be different
. in some respect”, then the principle ihav indiscernibles
. are identical is true. 1f "ipndiscernible” means "is
not astually different in some reespect”, then the

prinaipi;’ia falee, A sphere in an othervwise enply

universe will have two halves, despite 1is symnetry,
because one of them gould be & different colour from the
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"thcr. even il it is not. If the prineciple were
gorrect in its second sense, then, although an unsym-

-

metrical object could exist alone in the universe, it
gould not be gradually transformed into a sphere, for
on becoming e sphere 1t would coneist of two (or
indefinitely many - if we take account of sectors)
parits which have all their propertiss and relations in
eommon, W¥hat would happen to 1t then? It ig clear
that the principle is absurd.) |

Telo

7.B.1. The concept of possibility has been shown to have
&n application on account of the loose tie between wiie

| But understanding talk about possibilities is not

.. enough for an undersiunding of talk about necessity.
that, one must know what is meant by "the range of all
_pmaihilitiu" » Or "what is not possible". The use of
negation or the word "all" has to be defined afresh in
 these modal contexts, and corresponding to different
ways in whioh it8 use is explained there may be different
- kinds of ranges of possibility, different kinds of

. necessity, different kinds of impossibility. We must

- therefore procesed with caution.

For

" 7.5.2. We have seen that she oconcept of "anal ytia“'ﬂ

- possibility is not very substantisl (7.4.11). Similarly,
. the kind of necessary truth which we have found in
analytic propositions does not seem to affect the re g e
of all posalble states of affairs, since the necessary
“ruth of such a proposition is merely a matter of its
having certain general features which ensure that it
Gomes out as true, no malter what particular things or
sinds of things it is about, and no matter how things
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happen to be in the world, So ite necessary truth is
not due to anything at all specific which has to be the
ease in all poseible states of affairs., Hence its
‘being necessarily true imposes no special restricilons
on what may be the case: 1t does not seem to 1limit the
ange of all poessible states of affaire in any way.
. L&t us try to find a more substantial and more
ipmml soncept of necessity by fellowing up what Hant
‘said in the "Uritique of Pure Reason" (B.4), namely that
a2 statement is necessarily true if

hought with atrict universality, that is in
guch & manner that no exception is allowed as
possible, it ie not derived from experience,”

1 (The last clause, "not derived from experience”, will be
 dgnored for the time being. Bee Appendix VI.)

- T.B.3, What iz strict universality? Iliow can no

. exception be allowed as possible?

. Suppose the following were true: (1) "All tri-

. angles are red". It would then be a universal truth

. with no exceptions, dbut it would not be ptrictly universal,
gince it ise clear that triasgles do not have to be red:
gven if all triangles happen to be red, I can see, Just

. by looking at a triangle that although 1% is not green
it might have been, while etill a triangle., Although

- theres are no exceptions, nevertheless exceptions are allowed
| sossible. By contrast, the proposition (2) "All
squares have exactly four angles" is not only & universal
truth without exceptions, but it is strictliy universal,
since there could not be any exceptions: even if there
were any other squares than the ones which there actually
are, they would all have exaetly four angles, (2) is a
necessary truth, whereas (1) would not be necessary, even
if it were true.
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;" «Z.4. This can be expressed more generally if it is
tied up with some of the remarks in 7.A about possibility
and properties. First of all, let us consider pro-
‘positions of the form "All P's are ('s", where "P" and
""" are descriptive words referring to observable pro-
‘perties. Low recall that the unlversallily of a properily
has three sapects (T.4.4). Firatiy, the property may
oecur in several different actual particular objects.
Jecondly, it might have been instentiated in some of those
h.'particular objects wnich are not in Tact instances.
| Finally, there might have been objects, which if they had
- exlsted, might have had the property. de may therefore
say that the property referred to by "I" is necegsariljy
- goanected with the property referred to by “c." w the
- proposition "All P's are Q's" is nggesssrily true, if,
| and only if, all the objects in the first class, namnely
 all those which actually have the property referred to
by "P", also have the property referred to by "Q"; all
the objects in the second class, that is all those which
- might have had the property P, would, if they had had
- 1%, also have had the property Qj and, finally, all the
. pbjects in the third class, namely those which might
. have existed though they do not, would, if they had
existed and had the property P, als¢ have nad the properiy
Qe In short, there are three sorts of potentisl counter- |
examples t0o a proposition of the form in guestion, namely
those objects which have the properdty ¥, those which do
not, but might have had it, and those which, if they had
existed, might have had it} and o say that no exceptions
. are allowed as possibie, is8 to say that none of these

objects, if it had (existed and) had the property P would

have been without the properiy .
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J?.B.4.a. - We can generalize this further if we recall
jthnt only propositions are being discussed which are
‘universal in form and mention nd perticular objects
(Bee Appendix I). For a sentence made up only of
logical constants and desoriptive words referring to
properties 18 true if end only if certaln relations hold
between the classes of objects possensling certain pro-
' perties, relations such ss inclusion, or mutusl exclusion.
Buch & proposition is pecessarily true, then, if all
hthe ciasmes of objects with the specified properties do
in fact stand in the specified relations, and
- addition, they would do 8o even if other objects had the
. properties in quegtion than the ones which asctually do
. 8o, aven if there were other objects in existence than
 the ones whioh there mctually are. In such a case not
;_only are there no exceptions, but, in addition, no
. exceptions are poassible,
% This could be gseneralized 2 stage further to include
. propositions referring not only to properties, but also
i\ %o relations, such as “"two feet away from®, "brighter
. than", "inside", and so on, but I shall leave that to
- the resder.

It should be noted how thls definition differs from
. the definition of an analytic proposition: here we make
. no mention of "identifying relationa®™ between meanings
 nor do we restrict the sources of necesasity to topic~
neutral features of propositions. Thus, it is so far
an open question whether all necsusary truths are analytic.

. TeBe5. All this may suffice for a definitig
 "pegessity”, but it iz not very helpful, simce 5% dosn
ot explain how it comes about that any statement is
necessarily true, or how we can ever %ell that i1 is,
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¥hat 1s missing is an explapation of how we can tell

‘whether a counter~-factual conditional statement asserting

-that no exceptions are allowed as possible 1s true, that

ia, now we can tell what would have been the case if
;pcrtain.objects.had nhad certain properties. How do I

‘tell that if the pilece of paper on which I am now typing

35:¢ been square then it would have had four angles?

How do I tell that if there had been a tetralateral block

‘of wood on my table then it would also have been tetra-

kedral? (Cf. 2.0.8.) It should not be assumed that

Bimply because I know how to tell that somethling or |

other might have been the case, I know how to tell what

‘else would then have been the case, or that I know how

to tell what would be the case in all paaaible states '
of affairs. (See T.B.l.) 5
ihere seems to be so complicated a range of possilble

. worlds and possible states of affairs that it is hard

to see how anything at all could be excluded from the

- range. lhere might be worlds in which space had five
ﬁlﬁimaaaiona. or only two. There might have been a world

" in which there were only sounds, and no space or spatial
 objects or spatial properties (sees Stirawson's "Individuals®,
. Ghaptsr two). There might haﬁé been worlds in which

. properties and relations existed which were quite unlike

. anything we can imsgine. Or might there?

“ it seems clear that there is a tangled and complicated
f question here, which is not really relevant to such probe-

. lems as concern us, for example, the problem whether it

. is both necessary and synthetic that two properties which

~ actually do exist alwayse ocour together (such as the

. propsrty of being four-sided and the property of having
four angles). The source of the trouble is that there
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are different concepta of neceseity, and different kinds
of ranges of posaibilitien.

. T
7.8.6. But our definition of “necessary truth" was
restricted in such a way that we need not take account
all these complexities, for it is concerned only with

laaaas of objects possessing properties which actually

,L@ exist in our worlid. We therefore have no nsed %o
‘talk about all posaible worlds, since we can limit
ourselves to talking about all possible states or configur-
@&tions of this world, where "this world" describes a
world in which the same obgervable properties and relations
exist as exist in our world., (It should be recalled
‘that the existence of universale need not involve actual
existence of instances. see section 2.D.) Thus, aince
we are talking only about states of thig world, we need
fﬂ@t congider worlds without space and time, or five-
‘dimensional worlds. (Compare what Kant says about his
' Copernican Revolution in the Preface to the second
‘edition of C.P.R. Bexvi-xvii, etc.) (Cee note at end
of this section, ) f

" T«B.T. How we may return to an explanation of how it is
'1poasible to tell that a statement is necessarily true.

- Unce again we shall makeuﬁq of general facts about

. universals, that is, observable properties and relations.

' It hag already been pointed out (7.4.4,ff) that a

. property exhibited by an cbject is the sort of thing whieh
~ean recur. Now we must notice further thet one object

. may possess more than one property at the same time, A

. material object may be both red and round. 1t may be

| cubicel and transparent. It may be cigar-shaped, glossey
and glraeen,
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when two or more properties are exhibited by an
pbject, we may Lc able to see that some of them have no
gonnection with the others. For example, the fact that
L box i3 cube-shaped has notaing to do with the fact that
it is red, Hot only could the property of being cube-
;aped occur in other objects, in addition it could

ocour in other objects without the colour which accom~-
panies it in this one. Even if neither of these pro-
perties did occur without the other (which, of course,

;f- not the case), we could still nevertheless see taat
there might have been an object which was cubical without
being red, or red without being cubical. COne need not
have seen either of the properties actually exhibited
without the other in order to see that they are capable
of occurring sepasrately, any more than one must have seen
‘the shape or the colour in another object at another
tize or place in order to see that it can have other
instances. (CUf. T.A.5.) ALl we need is our eyes and
f&ntelligence, and the knowledge of what it is to be
iwuhenshapad and of what it iz to be red, and then one can
j-ae that it is possible to recognize either property in

" an object without itas mattering whether the other is
there or not.

| Gimilarly, where there are two properties which we

- have never, as & matter of fact, seen in the same objedt
~ at the same time, we may be able to tell that there could
 be an object with both of then. I have never, as far as
B know, seen an object which is both cigar-shaped and

. blue, but there is nothing in elther property, insofar as
it is an observable property, which excludes the presence
of the other. I know what it would be like 10 recognize
both properties in one and the same object.




Thus, even if the two statements "All cubee are red”
ﬂﬁs "Nothing cigar-shaped is blue" are true, that is have
no exceptions, nevertheless they do allow exceptions as
possible, We can see, by examining the properties
concerned, that they are not necessarily couanected.

It is by contrast with this sort of case that I shall
explain how statements can bLe necessarily true.

A

7.5.3. We have added a refinement to our concept of
‘possibility by taking note of the faet that not only

‘are universals not essentially tied to their actual
instances, s80 that they can be instantiated in other
places and times than they are in faet, but, in addition,

' they are not essentially tied to one another, so that
.fthay can oceur in different combinations from those in
‘which they in fact occur,. Universals are unfettered

’ hy their instances, and a&lsc, sometimes, by one another,
' Hot always, however, and limitations on thie seconud sort

- of freedom generate the kind of naaeaaiﬁy which is of
 1ntareBt to us., L{here may be something in the con~

. stitution of & property which tics it to another property,
. or which prevents its occurring with another property.

' If so, this may have the consequence that a atatement

- using words which refer to. those properties is notl only

' true, but necessarily true, since no exceptions are allowed
. a8 possible. (Fxceptions would be objects in which these
tied properties occurred separately, or in which incom~
patible properties occurred together,)

| Lf there are any such relations between propertiies

" which are not identifying relations, then they will
provide us with a new class of relations between descriptive
vords referring to properties so related, and here, as in




- the case of analytic propositions, the relations between
descriptive words, together with features of the logical
- technique for discovering truth-values of a statement,
f;nay determine the outcome of applying the technique in
any possible state of affairs (cf. 6.0.1.). 8o if
there is some way of knowing that the properties
- referred to by words stand in such relations, then we
- may be able to determine the outcome of an empiricel
investigation to discover the truth-value of a proposi-~
~ tion, without actually meking that investigation., If
 this is 80, then we shall have found a new type of
- illustration of the fact pointed out in 5.%.1 and
- 5.5.2, that although in general the value of a rogator
depends on (2) the arguments, (b) the technique for
discovering values and (¢) the facts, nevertheless there
are cases where without knowing any facts (i.e. without
having any empirical knowledge of how things happen to
be in the world) we can discover the value by taking
note of relations between the arguments and examining
the general technique for determining values. We shall
have found a way of telling, without Knowing which
particular objescts there are in the world, nov what
properties and relations they instantiate, that none of
them is an exception to what is asserted by some state-~
ment. That is, we shall have found e new kind of & _priord
knowledge of the truth of a statement. (See end of TeBe2.)

T+3.9. If there are these connections between propertiecs,
and 1f we can know that they exist, for example by
examining the properties in question, then this will
eéxplain how we can be in a position to assert such etate~
ments as "If this had been square then it would have had
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- four angles", or "1f this had been turquoise, then it
- would not have been scarlet”. Thus, by talking about
- properties, and their ties with or independence of one
- gnother and their instances, ve are able to explain
gone uses of the words "necessary" and "possible", and
gounter-factual conditional statementa.

To sum up: 8ince properties are not tied tc their
f nntua1 instances vwe can talk adbout what miﬁht'ha#t been
" the case in the worid, and since they pay be tied %o one
 another (this includes incompatibility), we can talk about
. what would have been the case if sc and so had been the
 gase. Hence we can talik about statements to whiceh no
- exceptions are possible, that is, atatements which are
- necessarlly irue.

~ T+8.10, All this should show that the concept of
rf.aeneaaity is far more complicated than the concept of

. possibility. (See T.4.1l, T.B.1.) Only the latter is
required if we are to be able to use our ordinary languag
to describe new situations, to ask gquestions about unknown
facts, to understand felse atatemsnts, VWe need only
understand that the range of thinge which might have deen
the case is wider than the range of things which are the
gase. The concept araeaeéyity is required when we grow
more sophisticated, when we wish to do more than simply
describe what we 8ee¢ or ask guestions about what is to be
seen in the world. It comee in when we wish to draw
inferences, when we wish to know about the properties of

' things of & certain kind without examining them all,
uhen.wo do mathematics or philosophy, or try to explain
whet "makea" things happen as they do, or when we ask
vhether hsppeninge are avoidable or not. It comes in

also when we try to justify the assertion of a counterfactual
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- also see the reasons why the
- limited in certain ways. The former requires only a

. perception of the loose tie between all universals and

- their actual instances (by abstraction from particular

- eircumstances ), the latter requires perception of the

- gtrong ties between some universals and other universals.
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- conditional statement, about what would have happened
if something or other had been the case. In order to

| understand talk about poassibility, one need only see

- that states of affairs are possible which are not actual,
E whereas in order to understand talk about necesaity, one

must, in addition to understanding telk about possibility,
ange of poseibilities is

(7.B.note, It should not be forgotten that in all this

- we are talking only about the kind of necessity which
| ariaen out of limitations on the posaible states of

wvorlid, in which objects have properties and stand

n relations only of the sorts which are capable of
- having instances in our world., There may, however,

be other kinds of neces:ity, other kinds of limitations

on what may be the case in the observable world.
(uﬂmﬁua 7tB¢6p)

For example, there may be limitations on the rang
of poessible states of affairs - or possible worlde -
which can be talked about in a language using a distinction
between subjecta and predicates. Or there may be
limitations on what can be the case in states of affairs
which are observavle by beings with senses of any kind,
(Pege & sense which enables them to perceive magnetic
and electrical properties directly.) ferhaps there 1s
some other kind of necessity, called "natural necezsity”
by Kant, which is operative when types of events or
states of affairs stand in gaussl connections.

Kant talked also about & kxind of necessity which
involves particular objects, such as the necessity in the
synthesis of an experience of a particular object (cor-
responding to the "form"” of the object), but this sort
of thing need not concern usg, We have declded to ignore
statements mentioning particulars - see Appendix [ - and
in any case the ascription of necessity to such statements
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ean ugually be explained in terms of thelir being instances
of some universal statement which is necessarily true,
a8 whoen we say "Tom's bachelor uncle Bust be unmarried”,

I

; There 18 no space here to discuss a sufficiently
wide concept of necessity to allow us to take acecunt of
- all these csses and such questions as whether 1t 1o
‘necessary that epace is three-dimensional. f 8
- elear to me that there ig a perfectly general and

- absolute concept of necessity. For example:
. Btatement is necessarily true, then it is not obvious
that 1t makes sense to ask whether it is necessarily

- necessarily true. See end of Apvendix 1. {fhere may

- be only a relative concept, coperating st different levels,
- fach level being characterized by the type of talng
 which can eount as the reason why a statement is nec-

- essarily true. AT the level which concerns us, the

- reason must be that there 18 a perceptible connection

. between observable properties or relations, )

= 7.0,

. 7.C.1. This chapter has so far shown, by drawing atten-
tion %o certain features of the concepitual framework which
pose in using desoriptive words and referring
expressions (of. 2.B.4~-6), how we can understand talk
atbout possibility, and, in & vagus way, what 1s meant by
iaffi ne ths . a
statement of the sort under discussion (using only des~
eriptive words and logical constants) is necessarily true
Af there are connections between the properties referred
to by the deseriptive words, which ensure that no par-
ticular objset could be a counter-example to the state~
ment, since certain combinations of those properties in
one object are ruled out by the connections between then,
“40ow we must ask whether all such connections between
properties are identifyins connections (ses $.C) or
whether some non-identifyins or gyntheti¢c connections

.y
‘.
I‘.
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between properties can ensure the necessary truth of a
gtatement.

T.Celo Let ua be clear about what we must look for,

If knowing the meanings of words (sharply identified
meanings, that is, see 6.D.3 and section 2.C), suffices,
on iis own or together with purely logical (topic-
neutral) considerations, to jJustify the claim to know
that properties are relsted in some way, then that is
an identifying relation, not a synthetiec relation.

for relations between propertiea to be gynthetic
ledge of them must require something more than the know-
ledge of which properties they are, and the "something
more” must not be purely logleal. But what more could
there be? I8 there some way of examining properties
themselves (a non-~logical enquiry, since it presupposes
actual acquaintance with a special kind of subject-
wmatter,) in order to dlscover that there is & conneection
between them, a connection wihich need not bs known in
order %o kXnow which properties they are? we must now
invaatigate some examples, and see whether this sort of
insight is poasgible. If any such insight is possible,
it will explain ZXant's talk about "appeals to intuition®.
(Jee 6.5.2, 6.0.11.)

7+C+3+ The most interesting exarples come from geometry,
thougn there are many other kinds which cannot be des-

cribed here for reasons of space. (More examples will

be found in Appendix V. Jee also 2.0.8, 3.0.10 and
3.0.,10),

In 2.C.8., we defined the words "tetralateral" and
"tetrahedral”, the former referring to the geometrical
property of being bounded by four plane faces, the latter
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. %o the property of being bounded by plane faces and

* having four vertices. I argued that the two words refer
- %o two different properties which can be identified

E independently of each other, since one can notice either
. property, attend to it, thimk about it, or talk about

- it, without being aware of the existence of the other.

. ¢ in order to know that they are inseparable it is

not enough to know which propertlies they are: 1in
addition one must carry out some sort of construction,
either in imegination or with sheeis of cardboard, <

. with diagrams, or somehow examine the tTwo properties,

. in order to be sure that all possible ways of putting
four plane surfaces together to bound a closed space
maet result in there being exactly four vertices, and

. that no other number of plane surfaces can yleld exactly
four vertices. This examination presupposes acquain-
tance with a special kind of property, and cannot take a
toplo-neutral form., It does not, therefore, involve
drawing conclusions in a purely logical way, S0 cannot
account for knowledge of an analytiec truth, according to
the definition of 6.0.10.

1 call such & construction, carried out for the
purpose of enabling oneself or someone else to percelve
the connection between two or more properties (or
relations,), an "informal praaf“. (For more detalled
renarks see next section.)

TeCed4s It seems, therefore, that since an informel proof
of & non-logical kind is required, in addition to a
specification of the meanings of "tetrahedral" or "tetra-
 lateral", for a justification of the assertion (1) "All
tetralateral objects are tetrahedral”, this must be a
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| pynthetic statement. Its justification is quite
different from the justification of (2) "All gleen things

{lrn glosay", which proceeds by especifying that the word

- "gleen" refers to a combination of the property referred

%o by "glosay" with another property (that referred to

| by "green", say), and then taking sccount of purely

" logical properties of the technique for verifying

. ptatementa of the form "All P things are Q". There is

no identifying relation betwesen the meanings of "tetra-

- lateral” and "tetrahedral®, from which a logicsl proof

- of (1) could proceed.

- 7.C.5, There are many more examples of this sort of

~ gonnection between properties, some more problematic than
f othera. Here are a few. (In moet cases “improper"

~ or synthesized properties are involved.)

(a) The property of being bounded by three straight

lines ie necessarily connected with the property
of being & plane figure with three vertices.

(b) In 3.0.% and 35.D.4 we desoribed two different
"orocedures” for picking out triangular shapes, of
wihich the first involved memorizing one triangula:
| gshape and picking out others on account of their
S deformability into it, while the second involved
T pointing at sides in turn and reciting "Bing bang
| bong™, Here are two synthesized properiies which
gseem to be necessarily connected. Uan the con-
nection be shown, by purely loglcal considerations,
to follow from identifying relationa?

(¢) Ho clossd space is bounded by three planes. Is
the incomprtibility between the properity of bsing a
closed space and the property of being boundad by
three plane surfaces analytie?

(d) If & cube is inside & asphere and a plece of wire
is inside the cube, then the wire is inside the
gphere. Is the transitivity of the relation
"inside" due to some identifying fact, or can one
know which relation it 1is without belng aware of its
transitivity, or anything which logically entalls
its transitivity?
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(e) Any pattern made up of regularly spaced rows
of regularly spaced dots is 2lso made up of a
8 of dots.

sequence of regularly spaced golumns

st e e
L E R B B R
[ FEEEE EE E
Es PO eses
seeroese
sInasase
B E R = B BN
sesReBEN
ssevaese
LB R R N = B N
seeLesTee
sessPsew
ST L L
L E R R X B E =
s PRSP S
Esadrses
TeEEE T

It also consistas of an array of diggc
dots. (Diagonel rows inclined '
may be seen in the array.) All these several
aspects of one pattern seem to be necessarily
connected: the presence of some of them can be
seen to entail the presence of others. Ars these
identifying connections between the aspecis¥ ATe
they purely logical consequences of identifying
connectiona?

(f) Consider Kant's example; no left-handed helix
may be superimposed on a right-handed hellix,

(g) Conasider Wittgenstein's example (R.F.M., Part I,
50.)t any rectangle can be divided into two parall-
elograms and two triangles (by a pair of parallel
straight lines passing through opposite corners, and
a third paralliel line between them). I& this due
to some identifying fact about the meaning of
"rectangle"? S

(h) Any object with the property of having a shape
which occupies the space common to three cylinders
equal in diameter whose axes pass through one point
at right angles to one another, has also the propertiy
of being bounded by twelve equal foursided faces,
sach of which is part of & cylindrical surface.
(This is the shape obtained by pushing a hollow
ceylindrical cutter through a potato three {imes in
‘mutu?lly perpendicular directions in a symmetrical
waf.'
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(1) If the side of one squere is the diagonal of
another, then the former can he divided into pieces
walch, on being rearranged, form two squares con-
gruent with the latter,

l geriously, to say what the

; linguistic conventions are on which we must be relying

. implicitly when we perceive these necessary connections,
(See Wittgenstein's “Hemarks on the Foundations of

. Mathematics® for a serious attempt to meet this challenge.
Cf. 7.0.10,ff., below.)

7.C.6. To all this the following objection may be made:
"Of course there is no simple identifying relation between
the meanings of the words 'tetralateral'’ and 'tetrahedral’,
and between the other words used in your examples, but
this does not mean that the necessary connection between
them 18 not a logical consequence of identifying relations
between meanings. For the meaninge of the words must
be explained in terms of more fundamentsal geometrical
words, such a8 'plane', 'line', 'point’, 'intersection’',
etc., and the meanings of these words stand in identifying
relations, from which the connections to which you have
drawn attention can be deduced by purely logical con-
siderations.” The objector will thereupon produce some

axiomatic system of geometry, in which his "more funda-
' mental®™ words occcur se primitive or undefined terms,
which he will use to define the words which interest us,
and then, triumphantly, he will deduce from the axiome
of his system, together with his definitions, using only
logically valid inferences, that such statements as

"All tetrahedral objects are tetralateral® are theoreuns,
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Sut this is not enough. He must show first of all
that his definitions do not simply take as identifying
. relations, relations which can be regarded as synthetic
. necessary connections. That is to say, it is not
. enough for him %o show thet words like "tetrahedrs)"
 §5£bbo defined as he suggeste, he must also show that
| pave to be so defined, that it is impossible to
'underatanﬂ them in some other way (e.g. by associating them
. with immediately recognizable properties), otherwise he
:'will be arguing in the manner critiecized in 2.0.10 and
- 3,0.10 (i.e. trading on ambiguities, and using loose
. criteria for identity of meanings.) In short, he must
. show that his definitions are definitions of the words they
' purport to define. secondly, he must show that his
"axioms" are in some sense true by definition, that they
 state or are logical comnsequences of identifying facts about
the meanings of the primitive terms, and that they are
. not themselves statemente which are necessarily true and
' synthetic. We could, of course, adopt additional verbal
rules of the sort described in section 4.0 to make the
sentences expressing his axioms into expressions of
analytic propositions, but he must show that pnly 1if
such rules are adopted can the words in these sentences
be understood as referring to those geometrical features
to which they do refer. imca again: 1t is not enough
for the objector to show that words gan be defined in
such a way as to make certain sentences express analytic
propositions. He must show that as ordinarily understood
they have to be 80 defined, or at least that unless they
are so defined they cannot refer to properties which are
necegsarily connected.
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7.C.7e 1t i far from obvious that there must be
ldentifying relations of the sorts which could corres-
pond to the axiome of an axiomatic system of geometiry.
(See remarks about superfluous “"links between descriptive
expressions”, in 2.0.3 and 2.0.4.)
after all, we are not concerned with an abstraoct
system of lifeless esymbols having no empiriecal use,
but with words which describe properties or aspects of
panyasical objects which we can perceive and learn to
recognize. (See 3.A.2) These words occur in ordinary
everyday statements, such as "Here's & table with a
square top", or "These three edges of this bloeck of
wood meet in a point", expressing contingent propositions
which may be true or false. But (as pointed out in
2.0.2 note, and again in section 5.A), no system of
axioms can suffice to give words meanings of thils sBort,
for, in addition, semantic rules are required, cor-
.~ relating the words with non-linguistic entities such ae
? observable properties. If we must have such semantic
, correlations, ie it not conceivable that they may, on
their own, suffice to give words their meanings, and
Getermine their use and their relations to one another,
- without the aid of any further "axioms" or "linguistic
_i conventiona"? If 80, it is surely an open quaatioﬁ;
fn requiring further investigation, whether all such rela-
H
r

tions ere either identifying relations between meanings

or logical consequences thereof. As remarked in 3.4A.4.
(ef. 3.0.9), in order to be able to use a deseriptive word
one must be able to recognize gome universal immediately,
80 1% 18 an open question whether some of these immediately
recognized properties or features stand in relations

witn others, of a kind which must be discovered by
examining them: why should the only things we can see
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using our eyes and intelligence be facts about
- particularg?

;:7.0.7 (note). it is very common nowadays to think that
f any geometrical proof must start from sxioms which are

. all arvitrarily selected, serving as expressions of

- linguistic conventions of some kind, specifying the
meanings of the geometrical words iavolved in them.

. The reason wny people think this is that different

= eystems of axioms may 2ll be internally consistent,

. a8 is usually pointed out in connection with systems
which do not inelude Fuelid's parallel axiom. Consider
 Hempel's assertion (in Feigl and Sellars, p.243):

“The fact that these different types of geometry
have been developed in modern methematics shows
clearly that mathematics cannot be said to assert
the truth of any particular set of geometrical pos-
tulates; all thet pure mathematics is interested
in, and all that it can establish, is the deductive
CONSequUences ....." (Compare Russell's definition
of pure mathematics at the beginning of "The
Pringiples of Mathematics." 2nd., Bd, p.3.)

All this, however, presupposes that internsl consistency
and deductive consequences are all that interest us, but
it need not be all, if geometrical theorems are intended
to atate Tacts about observable geometrical properties.
in that case, the axiows include words which refer to
non-linguistic eantities, and may be true or false, as
well a3 consistent or iuconsistent with one ancther.
ihey are then not definitions, since the words in them
are given thelr meanings independently, by correlations
with different properties. it is not an aggogcident that
the kind of geometrical proof which involves not logical
k deductions from axioms, but the construction of diagrams,
 with construction-lines and sides and angles marked as
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: equal, etc., occurs in @& branch of what mathemsticia

~ call "pure" mathematice. Some philosophers (unlike

. Frege and Kant) give the impression that they are guite

- unaware of this, as is shown by the quotation from

. Hempel and many remarks which 1 have heard in discussions.
P Perhaps it is wrong to think that by examining

! geometrical concepts or properties we can "discover" that
- the parallel axiom is true, but that is a very special
case, since it concerns infinitely long lines (aand

~ therefore not ordinary observable properties), and it does
- not follow that other axioms are also merely matters of

] convention, For example, the "theorem®™ that every rec-
 “tangle is divisible into two triangles and two parallel-
 ograms is on quite a different footing from the assertion
that two parallel lines never intersect. 1t i not a
mere defining postulate, and neither is it a contingent
faot. (See 7.7 for more on tais,)

7.C.8. The argument so far may be summarized thus: at
some point in the explanation of the meaninga of des-
eriptive words we must point to objects of experience
with which they are correlated (i.e. we have to appeal
to what ie "given in intuition"), But then it is an
open question whether these non-linguistic entities
(properties) are so r@lated]aa to ensure that some of
the statements using words which refer to them are
necessarily true, or whether all such relations must be
identifying relations between meanings. thig is not a
question which can be settled merely by pointing %o a
set of axioms or linguietic conventions which gould set
up identifying relations and make statements analytic,
for to say that they gan do the job of making statements
necessarily true is not to say that they are indis -
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And to say that anything else which does the job must
- 8ive the words the same meanings anyway, is to base a
- gquestion-begging argument on the use of loose criterie
. for identity of meanings. (2.0.10, 3.0.10.)

| i am trying to show that some very superficisl
|.and slipshod thinking lies behind many denials of the
.lcxiatonae of synthetic necessary truths,

: 7.C.8. note. ve are not interested in the question

- Whether some statement in some actual langusge i or is not
'nnalytie, or whether the relation between certain sets

~ of words in some actual language is an identifying

. relation. (Cf. 6.E.9.) This sort of question is of

- l1ittle philosophical intersst and has to be based on an
empirical enquiry in order to discover exactly what

. people mean by the words they use, and the discussion

T of chapter four and section 6,0 shows clearly that there
 may be no definite answer to such & guestion, or there
".may be answers which can be summariged only in a statis-
tical form., (Cf. 4.B.7.) Ve are concerned only with

= the question whether certain sorts of statements have

~ to be analytic, or whether it is poseible to give their
words meanings which are identified independently of one
another, and thea discover, by examining the properties
referred to, that the nuteﬁﬁp of applying the logical
techniques for determining the truth-values of such
statements can yleld only the result "true®., TEven if
statements referring to such properties are anslytic in
“nglish, or in some axiomatic geometrical system, owing
to the fact that auxiliary rules have been adopted,
setting up identifying relations between meanins
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- Fallure to appreciate this point can cause people to

- argue at cross-purposes, for example over the question
whether 1t is analytic that nothing can be red and green
all over atl the same tine,

- T.C«9« All this should at least show that the question
- whether some necessary truthe are synthetic, on account

. of being true in virtue of relations between universals
which are neither identifying relations nor logical

- consequences of identifying relations, is an open question.
- 1t has to be settled by & closer investigation of what

. goes on when one examines a pair of properties, such as

f the property of being tetralateral (bounded by four plane
~ gsurfaces) and the property of being tetranedral (having
four vertices), and discovers, possibly with the aid of

- an informal proof, that there is some unbreakable con-

. nection between those properties, That is, we must look
- at whet goes on when a person discovers, perhaps with the
F aid of an informal proof, that, owing to the relation

} ! between some properties (relations such ag entailment

- or incompatibility), & sentence expresses a universal

- proposition which not only has no exceptions in fact, but
which allows no exceptions as poessible. (See 7.3.2,
TeBo4.22.)

R 7.D.

i Telals o0 far, I have tried to show that just as we can
gee (using our eyes and ordinary intelligence, ef. 7.B.7)
that the redness of a round and red object is able to
occur elsewhere without the roundness, even if as a
matter of fact it does not, 8o can we see that some
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- properties are unable to free themselves from certain

- pthers, with which they are always found, or unable to

. cohabit with some with whieh they are never found. For
~ example, 1 have argued that by examining the appropriate
.~ properties and discovering their relations we can detect
ftthe necegsary truth of such statements as "All tetlra-

- hedral objects are tetralateral"” or "No closed spaces are
 bounded by three plane surfaces.” This showe thal not
only are we &ble to see that the actual state of affsirs
in thiawerldl is not the only possible one, by seeling
that universales are not essentially tied to actuasl
perticular instancee nor to one another, but, in addition,
we can see that there are some limlitations on the ways

 in which these universals can be instantiated, some

. limits to what may be found in a possible state of the

~ world. (This can be used to explain Kant's distinction
. between "form" and "content®, in some contexts, and also,
gince it is concerned only with connections between
oroperties and relations "tangible” to the senses, why

. he talked about "the form of gensibleg intuition”. Jee

| GLP R, AJ20, B.34,ff; A.45, B.62; B.457 n.)

' Jeotion 7.C was concerned to establish that the
necesgary truths discovered in this way are not analytic,
eince first of all thelr necessity is due t0o non-
jdentifying relations between properties, and, secondly,
in order to become aware of them, one requires some kind
of insight which ie not purely loglicel, since 1t pre-
gupposes acguaintance with a specific kind of subject
matter and is therefore not topic~-neutral. for the
first step I relied on arguments very like those of

Le  (TeBu64)
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- 3.0.9 and 3.,0,5-T7, to show that the properties are

- independently ldentifiable, and for the second 1 relied
- on the fact that the insight into the connections

. between properties always requires some kind of exam-

- ination of those propertiea. In this section I wish
t¢ say & little more about what goes on when one

. gxanmines properties, by talking about informal

- (7.0.3.)

T7.0.2., TWwhat happens when 1 conatruct an informal proof
%o enable someone (possibly myeelf) to see that proper-
- ties are related in some way? There is a very great

. variety of cases. For example:

- (a) 1 might enable someone to see that nothing can be

- both eircular and square by drawing & circle on trans-

- parent paper and getting him to try to draw a square on
which it can be superimposed, in the hope that he will

- perceive the incompativility of the two properties.

- 1 might point to & curved bit of the circle and o straight
- bit of a square and say: "Thls sort of thing can never

. fit onto that sort of thing".

(b) 7To show someone that if a triangle has two egual
sides then it has two equal angles, 1 may point out that
if it is picked up, turned over, and laid down in ita
former position with the sides interchanged, it must
exactly flt the position it occupied previously since

- each of the two equal sides lies where the other was, and
- the angle haﬁwaan.thnmidﬂen not change by being revurned¢
ilenice each of the two angles which have changed places
fits exactly on ithe position occupied formerly by the
other, 80 the angles are egual.

(¢) To show someone that if a figure is bounded by four
plane surfaces then it must have four vertices, 1 may

hold up sheets of cardboard and show that the only way

to get four of them %o enclose & gpace ig firet to form

an angle with two of them, then to form a "corner"” or
pyramid without base, by adding a third, then to complete
the pyramid by adding the fourth., ide can then count the
number of vertices, or coraners. .This also helps to show
why three planes cannot enclose & space.)
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(d) To enable a person to see that if anything nas both

 the property of being & "kite" (four-sided figure with

a disgonal axis of symmetry) and the properiy of being

& rectanzle, then its shape is square, 1 may draw &a

~ kite and show that a pair of adjacent sides must be
equal if it is symmetrical about a diagonal, and remind

him that a rectangle with a pair of adjacent sides

- equal must be square.

- (e) To enable & person to see that any rectangle has
~ the property of being divisible into two triangles and
two parmllelograms, 1 may simply draw a rectangle, and
then draw three parallel lines obliquely across 1t so
that each of the two outer oneg pesses through one of
& pair of opposite corners. (Jee T.C.5, exemple (g).)

ing t0 the enormous variety of cases, 1 shall be
- able to make only a very few rather vague snd gensral

. yremarks., (See Wittgenstein's "Remarke on the

. Poundatione of Mathematics", for a detailed discussion
~ of many more examples.)

7.0.3. PFirst of all, I claim that each of these proofs
is perfectly rigorous, and having once seen ant under-
stood it 1 am perfectly justified in asserting and
believing the general statement which it 1is supposed
to prove, such as "lothing is both cireular and square",
or "Ivery rectangular figure is divisible into two
trianzles and two parallelograms”. (The claim that
auch & proof is valid is aﬂmathamﬁtiaal claim, not a
philosophical one, since it is to be tested mathematically
by trying to construct counfer-examples: more on ithis
presently. )

shat happens when I see such a proof as a proof, when
I see, as a result of going through the proof, that two
properties are connected, and a universal statement
necessarily true? The answer seems to be that L pay
attention to a property, and notice that althougn it can
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- be abstracted from the particular @ifeumatancea in which

it is insteantiated (mee 7.4.6), so that it could occur

~ elsewhere, and be recognized, even if it does not

actually dc 80, nevertheless, it eannot be abstrected

- from the fact that 1t occcurs in an object which has
- some other property (or from which amome other property
" is absent). In particuler, the construction of the

proof may show me how, once I have found any other object

. which has the first property, 1 can rapeat'tha method of

conatruction of this proof in order to demonstrate that
the other object has (or has not, 23 the case may be)

the other property. The proof gives me a general prine-
ciple for going from one property or aspect of an object
t0 another, thereby showing me the reasen why no excep-
tions to the proved general statement are "allowed as
poassible” (7.8.2,ff, 7T.B.ff.) In wittgenstein's
terninologzy: the proof serves as the "picture of an
experiment® (see R.7.M, 1.%6.) It may be better to say:
the proof serves as a picture of a proof,

T7.D0.4., Perhaps we can see more clearly what goes on by
distinguishing token-proofs from type-proofs. A token-
proof is the particular event or set of marks on paper
etc., spatio-temporally located, obaserved by you or me.
The type-proof ieg a nsw*uﬁivuraal, a property common to
all token-proofs which use the same method of procf.

The funetion of the tokenw-proof 18 to exhibit the common
property, the type-proof (a pattern); and to have grasped
the proof, to have seen "how it goes", is to have seen
this new universsal., [Now, the essential thing about

the new property is that it is made up of various paris
connected together (compare: the shape of a cube is a
property made up of various parts connected together,
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- such as the several faces - see section 3«0 on non-
logical synthesis). Ve may think of it as a "bridge-
- property" which connects one or more of its parts with
- others, Thus, wvhen I start with a rectangle, draw
‘three parallel lines, and end with a figure divided
- up iunto two parallelograms and two triangles, 1 have
- exhibited a bridge-property which starts from the pro-
- perty of being rectangular and goes to the property of
" being divided up in a certain way. This bridge-property.
" temporal property, like the fune common o two
oceurrences of sequences of sounds (c¢f. 3.4.%.)% it has
f to be exhibited by an "enduring particular”, What
~ the token-proof shows me, when it shows me that the
. property P is connected with the property o, is that any
object with the property P is capable of being used 1in a
. token-proof of the same type, since P is the starting
. point of & bridge-property which leads to ¢. Thus the
| proof makeg evident the connection between two properties
by exhibiting them as parts of a new property. The
token=proof showe how P and § both "fit" into the type~-
proof. |

This reveals a relation between wordes which are
senmantically correlated with those properties. iIn
virtue of this relation some propositions using those
words are necescarily true (Cf. 5.8.2, 6.C.1.).

Tele5. Dut how do we discover the connection betwaen

the initial property and the bridge-property, or the

connection between the bridge-property and the final

property? How do we @ee that any object with the property

P must be capable of being used in a proof of this type”?
This is a crucial question. <Conslider a particular



- instance: hnow doss the prodf that every rectangle is

- eapable of being divided into two triangles and two

. parsllelogrems show me that every rectangle is capable
of being the atarting point of such & proof? Do we

" need another bridge-property here, starting from the
property P and ending in the former bridge-property?

- Qbviously not. Then why not? The answer seems 10 be
. gimply that a proof must atart somewhere, and wherever
it starts there must be asomething which is taken as not

¢ needing proof, namely that the first steps of the proof

; are poseible, The reason why this needs no proof i=
- that it may be discovered simply by inspecting the
original property. Just by inspecting the property of
being a rectangle I can gee that if anything hes the pro-
perty then a line traversing it obliquely may be drawn
through one of ite corners. A person who cannot see
even this will not follow the proof in guestion.

in other words, the account of the funetion of a
proof in terme of type~proofs, or bridge-properties,
is inconmplete, since it leaves out the essential fact
that at every stage of the proof sometning just has to
be seen by examining a universal, namely that the next
atage may proceed from there: this must be something
which reguires no proof, The whole point of a proof is
to bring out a aonneotianﬁhich is not evident. where
a connection is evident no proof is reguired, and this
kind of connection which displays itself muet be found
at every "step" in a succeasful proof.

Teilebo By pointing to & particular object I may draw

gsomeone's attention to some property or other universal
instantiated in that object, but I cannot forece him to

gee it. ©Similarly, by drawing his attention to s
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property or pair of preperties I may succeed in drawine
his etiention to a conmecilon between these properties
in virtue of which one csnnot ceenr without the other,
* in virtue of which they sre incompatible, hw% 1 canne
yree him to see it, in some ceses 1 ouon help hi

0 see it by eoastrueting e preof, by é&rawimﬂg hin
_ttaﬂﬁi@ﬁ=%e 2 new property, a bridge-property of which
the other two gre somehow perts or congtituenis. bHut

1 cannot feree him 4o see the ‘eriém-;pmpwty ({1 cernot
orce him to see what the type~proof is se thot he eogld

'_ geognize it esgein in enother instences L cennnt foree him
%0 see how the proof goes), and 1 gennot foree him to see
how 1t reveals o eornection between the two preperties in
virtue of their comneetion with 1t.

'. Thie is veryv vague, snd ismores differences between
@irferent kinds of preof, PFerheps it will be made

2 little elearer by the replies %o some objectinna,

7.D47. The first objection is that sll my talk sbout
Pgeeing® properties snd eonneotions between proporties
is far too psychologieal to serve ae an sceount of what
g proof is,

It ia impovtant te be elesr about the
pooount is psyehologiesl snd the sense in whieh 1t is net.

'@ proof is cun svoid using payohologiesnl gcongepts such ag
Ahelief®, "ocertesinty”, "understanding®, "eonvietion"j for

_ the p@@wait i@n miah i ia amma‘d T BP0V .
- gsnnot meke 1t necessarily true either, The necessory
- gruth of "Nothing is both round and square® in no waj

Certainly the fset thet someone takes o proof ag valid is not

‘what nmekes 1% velid (efs Teds7s whore a similoer objection was
‘roised to my socount of pessibility). But no account of what

 what 1s e proof supposed to de? It ecerteinly connot moke

—— |
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depends on the fact that anyone has ever proved it.
rerhaps its necessary truth might be said to depend on
the possibility of constructing a proof. But what
makes this 2 possiblility is a connection, or set of
connections, between properties - which is precisely
what i shown by the proof. The existence of the proof
(token-proof) does not bring the connections between
properties into existence, for the proof depends upon
them for its awn.axiatﬁnee, and they are capable of
ensuring the necessity of the proved proposition without
the intermediary of the proof,

fhe proof neither makes the proposition true, nor
makes it necessarily true. Rather, it brings out the
reason why it is necessarily true. "Bringing out” can
only mean "making evident to someone or other", for the
reason is there, doling its job faithfully, whether any
proof is constructed or not. o the role of proof is
t0 enable someone $0 see that a statement is true, or
necessarily true, and it follows that psychological
gconcepts must be employed in a desoription of what proof
does and how it doss it.

T.D.8. The error in the cbjection is to assume that
because psychological terms are used to explain what a
proof is, the validity of proofs is a psychological
matter. But this is not so. (Necessity is not defined
in terms of inconceivability, but both are explained
together. See T.A.T.)

A person cannot simply turn up and say that he Knows
that it is possible for a round aquare to exiast because
he has seen and been convinced by a proof of its possi-
bility. If he has seen a proof, and followed it, then
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he has become acquainted with a new universal (the type~
proof: 7.D.4), and, as pointed out in T4, a universal
is the sort of thing which can recur, 8o he must he able
to reproduce the proof and point out its relevant
features to us. He cannot get by with the remark that
he remembers how the proof goes, and can imagine it, but
cannot produce it for us, for what can be imagined by
him proves nothing unless it is the sort of thing which
could be drawn on paper, or otherwise concretely recon-
structed and subjected to scrutiny. nNelther is it
enough for him to draw a straight line and say that it
is a picture of a round square seen from the end, for he
must explain in virtue of what this can serve as & picture
of & round square, i.e. how it exhibits the roundness and
the squareness of the thing it is meant to represent,

7.D.8.,a., Of course, a person may produce @ perfectly
valld proof which, for the time being, no one else can
follow, on account of its complexity. But this does
not make 1ts vaelidity a subjective matter, any more than
the possession by an objéét of a complex property (e.s.
& shape, or other structure) is a2 subjective matter in
cagses where only one person happens to be able to “"take
in" the property. we all know, at least in a vague way,
what would count as an objective refutation of the Pro-
poeition alleged to be necessarily true, for if we
underestand the propogition then we are able to recognize
counter-examples, should they turn up. (This must be
modified to take account of existence-proofs, or proofs
of poseibility.)

Zven i1f the proposition happens to be necessarily
true, but not wvalidly proven, we know what would count

L |

\
|.
|
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88 a public demonstration of the invalidity of the proof,
- for there must be something about the proof in virtue of
‘which it 1is supposed to establish the connection in
. question (i.e. there must be type of which it is a token),
- and it could be shown to be invalid by a construction
- based on the same principles (a token of the same type)
- wihich leads to & proposition which has demonstrable
counter-sexamples,

(4 full scecount would describe and classify various
- ways in which one may fall to see the validity of a
- valid proof, or come to think an invalid proof is wvalid.
) .. One may think one has seen & property which one has
‘not seen. Une may have seen a bridge-property, but not
~ one which does quite what it is taken to do, 28 when one
notices a connection which works in most cases without
. seeing that there is a special class of counter-examples.)

! T«D:9. Hext 1t may be objected that what I say is just
- wrong, since whet reaily goes on in a proof is that, in
a2 "dim" way, we are shown how & formalized proof would go,
starting from identifying relations between concepts and
 drewing purely lomical conelusions, without any need for
such things as "showing" the connections between proper-
ties. Since it looke as if I am not doing any such thing
when [ use an informal proof to enable someone to see that
all tetralateral objects are tetrahedral, i1t is up to the
objector to say what the formelized proof is that I am
unwittingly presenting, e.g. by shoving me the ldentifying
relations or definitions from which he thinks 1 am drawing
purely logical conclusions, whereupon the arguments of
T.0.6 will come into play.

Secondly, the objector will find himeelf in difficulties
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. BB 800n a8 we ask how the eaneluaicnigg;;ggg‘fram those
f etatements of identifying facts which he glaims to be

. implicit premises in the proof. For, as pointed out in
2:0.9 and 5.0.10, etec., in order to see that some

. inference is logically valid, it is necessary to per-

. ¢elve properties of general logical techniques correspond-
. ing to the logical forms of propositions, or connections
- between such techniques, and thie is just the sort of

~ insight into the connections between universals which is
.~ provided by the informal proofe whose existence the

. objector wishes to deny. (The difference is only that
. logical technigues are topic-neutrsl, wherees we are

. discussing informal proofs concerned with gspecial kinds
of observable properties,)

7.D.9.a. This last point is important, becsuse one of the
Btrong motivating forces behind the desire to establish
that all necessary. truths are analytic, or that all
apriori knowledge is knowledge of analytic truth, is the
desire to eliminate the nsed to talk about special kinds
of "ineight" into the relations between universals. it
is apparently thought that if all necessary truth and
apriori knowledge can be shown to be derived by purely
iogical considerations from definitions then that need
will be elixinated, but the remarks of the previous para-
graph, and 5.0,9-10, show that this merely shifts the
problem,

The amazing thing is that some philosophers thought
this problem could be avoided by explaining all logiecal
connections and all perception of logical connections in
terms of formal systemm and derivability of theorems from
specified axioms according %o rules of derivation specified
in advance, it ie amazing for two reasons, firstly because
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it is hard to see how enyone was ever able to think that

merely talking about rules for manipulating symbols
~ could explain logical properties and relations of
- Btatements (see appendix II), and secondly because even
if talk about proofs in formael systens did explain
logleal connections and our knowledge of them, this would
~ be at the cost of reducing logic to geometry, and there
 would remain the problem of explaining what sort of
insight was involved in perceiving that strings of
gymbols stood in certain geometrical {or syntesctical)
relations to others. For, after all, the formal logician
is not trying to establish the merely gontingent
that he can here and now derive (or hss here end now
derived) this particular set of marks from that particular
set of marks (all tokens) winile trying to follow certain
rules: he wishes to show that a relation holds between
types of marks, or, in other words, that geocmetrical
properties (or patterns) stand in a connection of the
kind which we have been discuseings and he thinks he can
explain away,

TeDa9:b. Sometimes it is argued that this gquestion about
the justification for asserting that a formuls hes s
formal property need not erise (e.g, the property of
being a theorem) since the rules of the formal system are
80 devised that even a moron, Or & machine, could be
instructed to check a proof to see that it went in sccord
with the rulss, Jut this misses the point, for it relies
on the very fact to which attention was drawn above
(7.D.5), namely that each gtep in a proof must depend on
eanneetiéna between (e.gz.) properties which are s0o evident
as to need no proof,. |

If 1 "prove" that the statemsnt "If a triangle is




207

- inside a circle, and & dot is inside the triangle, then the
- dot is inside the circle"” is necessarily true, by drawing
- a disgram, namely & cirecle surrounding a trisngle with a

dot in the middle, or if a moron comes upon the diagranz
and utters the statement, then there is no more doubt

;- about mistakes here than when a moron asserts that soue

pattern of formulae satisfies a recursive definition
of "proof-sequence”,

in any case, pointing out that a moron can apply some
teat for picking out certain sequences of sentences does
not answer the question why sequences of sentences picked
out in this way are valid proofs. Are morons supposed
tq‘bu able to tell tnat any sequence of stalements, no
matter how complicated, which satisfies some recursive
test constitutes a velid proof? ‘

TeDe3.¢. The assertion thet an informal proof is really
a formal proof in disguise doea not seem to be of any
help at all. It would be truer to say that a formal
proof is an informal proof in diasguise., The formulae

in a formal proof represent propositions, or the loglcal
forme of propositions, and serve the purpose ol drawing
our attention to loglesl relations beilween those pro-
positions, in an indirect way. For the symbols are #o
chosen, that geometrical relations between them represent
relations between the logical techniques corresponding
sical forms of propositions (see 5.0.9). 5o,
when we look at the logilciaan's symbols, our atiention 1is
drawn (half consciously) to the relations between these
logical technlques for discovering truth-values, and we
are thereby enabled to see the relations between truth-
values of propositions (i.e. relations between the oulcomes
of applying the logical technigues). i% is not essential
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to this process that the symbols which draw our attention
- to logleal relations between propositions should cone
. stitute a "proof-sequence” in some formal aystem.
(lerein lies the answer to Wittgenstein's puzzle in
- R.F.M, Part Il sections 38 and 4{3: a RKussellian proof
is cogent only insofar ae it has geometrical cogency,
yet one may "accept” it without ever notiecing the
- geometrical application, inis 1s because the geometrical
application is a consequence of the gontingent fact that
the rules of our language correlate logical forms of
propositions, or logical techniques of wverification, with
geometrical forms of sentences in a uniform way.)

A Tully expliecit logical proof would draw attention
dirtatly to logical technigques and their interrelations,
in much the same way as the informal proofs under dig-
cussion draw attention to connections between geometrical
properties. Juch an informael logical proof would help

- someone to perceive logical properties of or relations
' between propositions, which is what a formal vroof does
only indirectly and implieitly. (Compare Appendix II.)

7.0.10. We have novw dealt with two objections, first
that the account of informal proof was too psychological,
and secondly that there is a formal proof, proceeding
from definitions or identifying facts about meanings,
underiying every informsl proof,. The first objection
vas met by asking what a proof is supposed to 40, the
second by showing that only an informal proof ca&n do this,
even if 1t is purely logical. BSut it is still open %o
someone wno wishesz to deny the existence of synthetic
necessary truths to admit that informal proofs are possible,
while asserting that they can only start from identifying
relations between meanings or properties and proceed
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- Aogic [» 80 that at every staze only toplc-neutral
'{nanmidaratiuna are relevant. Ouch a proof could only

- demonstrate the truth of an analytic proposition,

" mocording to the definition of 6.0.10. This assertion

" might be based on the argument that only an identifying

- relation between meanings can arﬁea«taa that there will
Vnﬁt be an exception or counter-example to the proposition
prﬁvnd.

! How can 1 be sure, simply becsuse 1 have seen one

- rectangular figure divided up into a pair of triangles

" and a pair of parallelograms, that there will never be
ﬁ &'raetang1e which cannot be divided up in this way?

 How can I be sure that I shall never see a Tigure which

- has both the property of being round and the property
ffaf being square? The suggestion is that 1 can be sure
only if I adopt & linguis sonventic ng out the
'fpaaaibility of éesaribing nny'unaxpeat@& object 88 a

. gounter-example to the proved proposition., That this
j.sﬂggeatian.haa & point is shown by the history of

- mathematics., For it has happened more than once that
i*lfpreaf has been accepted as valid, and then later shown
to be invalid. (Dr 1. Lakatos haa investigated such
jeaaaa.) Many of Wittgenstein's remarks in R.F.¥M., seem
- to be directed towards showing that the poseiblility of
:g?ﬁ unaiﬁeeﬁ&a counter-example can pever be eliminated

~ except by a convention relating the meanings of words,
ﬁﬁiﬂ.aamethi*: like the way in which the "purely verbal”

" rules described in section 4.0 were sble to rule out the
- possibility of a counter-example to statements like "Ho
- red thing is orange"” (see 4.0.3-4). (3imilar, though
“a@ravague, arguments were used by von Wrignt on p.358
~of "lLogical Froblem of Induction", 2nd Ed.)

]
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TebelOsa. Ouppose, for example, that & (token) proof
connecting a property F with a property ( purports to
show that any object with P can serve as the starting
poeint for another (token) proof of the seme type. If
80, the object must also provide an instance of the
"oridge~property” starting with P and ending with g,

80 it must bYe an instance of (, and thus no counter-

- example to "All P things are Q" is possible. But

~ suppose the proof does not work: an object turns up
whioh nag the property 27, butl from which the bridge-~
property cannot start, that is, an object which has P
but cannot enter into & token-proof of the required type
(the construction cannot be carried out). Then the
only way to save the theorem proved ig to adopt a new
linguistic convention, .8+ we may say thet being

the starting point for the bridge-property is one of the
defining eriteria for having the property », and s¢ the
new objeat does not really have P and ig not really a

. counter-example, NHow the argument we are considering

claims that even before any counter-example has turned
up, the only way we can guarantee that none will do so
is by adopting this sort of new defining oriterion for
having some property, and what the informal proof does
ig show us how the new criterion workas by displaying

the bridge-property which we thereafter take to be
identifyingly related to the property 2. Similarly, we
may have to take the connection between the bridge-
property and the property ( as an identifying fact about
the meaning of the word which formerly referred to ¢, in
order to ensure that no counter-example may turn up to
break the link at the other end. (Thie aprlies only to
one, relatively simple, kind of proof, of course.) Uy
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adopting these new rules we have given a more determinate
meaning to the words expressing the theorem which was

- meant to be proved, and we heve also pet up identifying

- relations between their meanings from which it follows

- logically (see 6,B.11,ff.) that the mentence expressing
the theorem in question must correspond to0 the truthe

in Wittgenstein's terminology: “i{n the
proof I have won through to a deciasion® (R.¥P.M. Part 1],
27.)

.

7«D+10.b.  Now it is very likely that this sort of thing

heppens sometimes in mathematics: we mas think that we
have completely identified some complicated geometrical
or arithmeticel property when in fact it is indeterminste
in some respects (@ee msection 4,4), and borderline cases
could ocour to provide potential Counter-examples to

some theorsm about that property. (Cf. end of TeB.4.)
ihen the construction used in a proof of that theorem

may 8how us a new way of defining the meanings of the
words used to express the theorem so as to rule out these
counter-examples. But it ie important to notice the
differences between borderline casea which produce the
following reactions (a) "I had not thought of that
possibility, so I was wrong after all”, (b) "I had not
considered that p@aaibility,lbu% it doem not matter as
it is not the kind of thing thet I was talking about"
(¢) "I had not coneidered that poesibility, and now I
don't know whether to say it is the kind of thing I meant
to refer to or not." Case (2) iz an admission that the
proof was invalid and the theorem wrong after all, (b)
rejects the borderline csse as not providing a counter-

[ éxample. Only (e¢) leaves room for = new decision to

& _ | . -

and
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adopt a convention as to how to describe the borderline
case in order %o save the theorem. ihe thesis that
every proof is covertly a logical proof from identifying
relations between concepts which we implicitly accept

in accepting the proof requires that every geometrical
concept be indeterminate in such & way that there ig
room for this sort of decision,

It is not possible to €9 into the question whether
every concept is indeterminate in this way without
embarking on a general "

universals, and all the topies raised Oy Wittgenstein in
his discussion of the notion of "following a rule" in
"FPhilosophical Investigations*®. i shall say only that
the fact that in some casesn mathematicians have failed to
. Bee the poseibility of Counter-examples to Propositions
winich they bellieved to have been proved,

doe& not in the
ieast convince me

that nc non~logical informal procf is
secure, and neither does the fact that in some cases g
property or a proof may be so complex that it cannot be
"surveyed” properly and has Bome indeterminate aspects:
there are other cases where Properties are sufficiently
simple for their connections to be quite perspicuous,
leaving no room for any doubt that something will £0
WIong. i am perfectly certain that if anyone brings me
&n object which is alleged to be bounded by four plane
surfaces, and not to have four vertices, then it will
turn out that either the four planes do not bound %
object, or there are not exactly four of them, or Shey
are not planes, or he has miscounted the vertices b OF cese

(¥hy should I specify in advance all the mistakes which
could poseibly be made?)

T.0:.10.0, i conclude that Yhere is little reasoun to doubt
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that there are some connections between properties of
. Buch a kind as to prevent their occurring in certain
' combinations in perticular objuata,ihat these connec-
. tions need not be identifying connections, and that
. they may either be quite evident, or sometimes made
. evident by an informal proof, which ensbles us therefore
t0 see that some proposition states & necessary truth.
+his does not deny that there are cases where indeter-
minateness of meaning makes it necessary to adopt purely
verbal rules (4.C) to rule out the poesibility of
| counter-examples, neither does it imply that we are
infallible and can never wrongly think we see connections
. between complicated properties.
it is worth noting that the differsnce betwesen a
doubtful borderline case of an instance of a property,
and other objects which clearly are or clearly are not
ingtances of it cannot be merely a numerical difference
between them. ‘here must be a difference in kind between
borderline and non-borderline cases, they must exhibit
different properties (e.g. an object with a borderline
shade of red looks different from one which is bright
scarlet). 8o even where a new verbal rule is required
L0 ensure that borderline cases do not provide counter-
éxamples to theorems proved by an informal proof, the
verbal rule has to be applied only in gome

sltuations, iavolving objects which differ in certain
respects from those which are not borderline cases. in
Other sorts of instances of the properties referred to,
the connections between the properties are as shown in
the informal proof, 80 no verbal rule is required to
ensure that no counter-example to the theorem can arise
anongst them, that is amongst objects which do not have
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the properties peculiar to the borderline cases. This
shows that even if it is true that some verbal rule is
always required to meke it certain thet no unexpected
borderline cases can provide counter-examples to a
theorem proved in the manner under discussion; that is,
even if every necessary truth has an snalytic aspect,
nevertheless there is a synthetic aspect, brought out
by the informal proof, which shows @ necessary connec-—
tion in at least a limited range of ceses. ("No rec-
tangle can look Jjust like this one and fail to be
divisible into two triangles and two parallelograms, and
i 40 not need to adopt any convention to ensure that,

for it is evident to anyone who examines the shape of
this rectangle™,)

TeDell, How our persistent objector may argue thet even
if it cannot be shown that what goes on in an informasl
proof 1s always implicit logical deduction from implicitly
acknowledged lidentifying relations between meanings or
propertlies, nevertheless it remains for me to demonstrate
that the "connections" revealed by such proofs are not
breakable, that they are necessar connectionas, allowing
no exceptional particular objects as possible. How do
we know that the constant conjunction of these two
immediately perceptible features, or their failure to
occur together, as the case may be, is not just 2 con-
tingent fact? Certainly it is up to me to show that the
propositiona in guestion are necessarily true, but I do
not do this by means of a philosophical argument, I do so
by means of the proof which we are discussing!

IT the objector cannot see for himself by examining
properties (either in particular instances, or in his

imagination 1f he is well acquainted with them), or by
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going through an informal proof, that nothing can be both
round and sqguare, that every tetralateral object is
tetrahedral and no exceptions are possible, if he cannot
eee the neceesary connections between these independently
identifiable properties, then he cannot be forged to

gee them, as already pointed out, and he must forever
remain in doubt as to whether, perhaps in the depths of
darkest Africa, there lies hidden somewhere a slab of
some hitherto unknawnmatarial, whose boundary can be
seen to be at once both square and cireular, or perhaps

a8 little pyramid, completely enclosed by examctly four '
flat sides, but with only three vertices, or five.

The objector can surely not expect me to convince
him by offering a proof which starts from definitions, and
then draws purely logical inferences, for the whole point
of this section and the last is to show that only by
altering the meaning of the etatement proved can one
replace & non-logiecal informal proof by a logical one.
(To show that the statements in question are necessarily
true ie not 2 philosoph]

7TeDsllenote, All this must be qualified by the remark
that our ordinary geometrical concepte ("round”, “square”,
"straight”, "flat", etc.) are extremely complicated in &
way which makes it very difficult to describe clearly

what goes on when & normal person is confronted with an
informal proof of the sort used in school geometry. I

am referring to the fact that where we have one word,

such as "ellipse", there are usually very many concents
superimposed in its meaning, in a quite indeterminate

way, and this is not noticed, owing to our use of loose
criteria for identity of meaning, which cannot distinguish
these dilferent superimposed concepts. wonsider each

of the various definitions of the notion of an ellipse
which might be given by a mathematician, and blur its edges
& little. Add the semantic correlation between the word
and the visual property or range of visual properties
which we resociste with it. i0ad all these meanings onto
one word in an indeterminate way: and then try to explain
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what goes on in the mind of Gomeone who uses the word

in thie overdetermined fashion when he sees & proof of
& theorem about ellipses! (For other examples of
superimposed concepis see 3.7..2 and 0.D.3. Compare
also $5.,B,7.8. I believe that our ordinary arithmetical
concepis are indeterminate and
similar fashion, waich is why dif ant
mathematics have all been able to cloim gome plausibility -
logiciem, formalism, intuitioniem, empirigist theoriegs.
~ach has picked out one aspect of the truth, while

making the miestake of claiming it to be the whole truth.
‘here is no time now %o 8how how a unifying theory could

be developed.)

o ]
oo, Y il

TeDsl2, Some of the things said by Eant about synthetic
apriori knowledge are explained by this discussion, in
particular that it requires an "appeal to intuition”,
inls is Tirstly because without the intuition (acquain-
tance with properties, etc.) one cannot know which
conoepts are involved or that there are any empirical
concepts involved which can be appllied to observable
objects; and secondly an appeal to intuition is required
#ince without 1t one cannot come to see how the concepts
(or properties) are connected. (See, for example,
Celelley A239-40, B.298,1f; 5.308-9; A.T716,B.744).

 The fact that looking at a diagram (real or imagined) can
play an gssential part in perceiving the connections
between properties shows that in doing so one is not
merely drawing logical inferences whose validity depends
on topic~neutral prineciples. (This might also be put by
saying that the type-proof, or oridge-property, mentioned
in TeDe4, is not logically synthesized out of the properties
whome connection it 1s supposed to reveal: the synthesis
in the proof - l.e. the way in which it is gonstructed -
is non-logical, for reasons of the sort given in 3,0.6,ff,)

1 think my account of informal proof helps also to
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explain why Frege believed that one could have svnthetic
apriori knowledge concerning geomeiry. (See sections 14
and 90 of "Foundationa of Arithmetic”.) it also explains
gome of the talk of Intultioniste about "mental con-
structions" (see Heyting “"Intuitionism"™, e.g. p.6,7f),
though my account would have t¢ be modified to take
account of proofs of theorems about the proverties of
infinite sets, since these are not perceptible properties,

Teel3:,  ¥hether this brief and highly condensed sketch
is correct or not, one thing should be clear: informal
proofe certainly do gsomething, and what they do is
different from what is done by & proof of an analytic
proposition starting from identifying facts about meanings
and proceeding logieally. This shows that if the "proved"
gtatements are necgessarily true in both cases, then it is
very likely that there sre at least two kinds of necessity
vorth distinguishing. iy suggestion is that the way to
distinguish them is to notice that in both cases the
propositions exemplify the notion of a "freak" case of a
rogator whose value happens to be determined by relations
between its arguments together with facta about the tech-
nicue for working out ite values, the difference being that
in the one case the arguments are identifyingly related,
and all srguments standing in the game relation must yield
the gsame truth-value, whereas in the other case the
relations between the arguments are not identifying, and
they are not relations of a sort which could hold between
any sorts of entities at sll (they are not topic-neutral).

However, 1t is open to anyone who does not like talking

about eynthetic necessary truths or synthetic apriori
knowledge to reject my terminology and say that in both
cagses the propositions are anslytic since their truth is
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- determined, however indirectly, by what they mean. DBut
then "true in virtue of meanings" seems to be synenyaous
with "necessarily true"” in this terminology, and the
assertion that all necessary truths are analytic says
. nothing and says it in a redundant terminology which
. fails to take account of distinctions which are of some
- dinterest,

* 7.D.14. It should not be thought that the assertion

~ that there are synthetic necessary truths has any great

 metaphysical significance, or that it justifies any claim

%0 have percelved with the inner light of reason, or any

. Other mysterious faculty, moral or theologieal truths, or

. truthe of a transcendent nature. (See T.D48). 3o far,

~ the assertion has been justified only by a discussion of

- ways of perceiving connections between eimple empirical

 statements (i.e. between the techniques corresponding to
logicel rogators). 1T it g¢an be extended to cover

~ Other cases, such s the principle of causality, then

{ this has t0 be shown by detailed investisation.

_ I claim only to bave given an informal proof of the

~ existence of synthetic necessary truths of a simple and
uninteresting kind, or at least to have shown that there

~ is a distinetion to be mede between different sorte of

- necessary truth. Dut the topie is difficult and complex,

- and 1 have been unable to do much more than provide an

- datroduction to it by showing how its problems are related
T0 and can arise out of general considerations about thought
and language and experience. |1 am very dissatisfied
with the discussion of this section, though I believe it to
be a first step ic the right direction. 1l have included

. it for the sake of completeness, ]
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TeEo

Adddti

7+E.1s This chapter may now be summarized. Chapter
81X had explained how the truth of » etatement may be a
purely logical conseguence of identifying facts about
the meanings of the words used to express it. such a
statement would be true in any possible state of the
worid begause its truth-value is determined independently
of how the world happens to be. In this chapter 1 have
tried to explain why it makes sense to contrast the way
the world happens to bhe with ways it might have been, so
88 to give a fairly clear sense to the question: Are
there sny statements which would bde true in all possible
states of the world, besides those deseribed in chapter
8ix? That is: are there any non-analytic necessary
truthe? 1 was able to give & sense to this guestion,

by making use of some of the very general facts about

- our language which were pointed out in chapter two,
especially 2.5 and 2.0, namely the fact that we uae a
conceptual scheme with provision for a distinetion between
universals (observable properties and relationg; and
particulars, and the fact that universals are not essen~
tially tied to actual particulars. ‘he question then
became: Are there any limitations on the distribution
of universals to be found ih any actual or possible state
of the world, apart from purbly logical limitations,
which are in no way concerned with anything special about
specific properties but are topic-neutral? | Thie was
the fundamental gquestion, but in order to take account

of "improver" or "synthesized" universals (see chapter
three), we asked the question in the following form:

Are there any connections between universals (i.e. res-
Trictions on the ways in which they may be instantiated)

ol v
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woich are not due simply to (a) identifying facts about

those universals and (b) purely logical or topic-neutral
restrictions? ]

TeEela i tried to answer this question by drawing
attention to observable connections between observable
propertiies, where (a) the properties can be identified
independently of each other aand (b) logical congiderations
alone do not account for the conneclions between then,
since the properties themselves must Le examined for the
connection to be perceived. fhus, a slightly more
general account was available of the wWay ln which relations
between the arguments of a loglieal rogator might nelp to
determine its value, than the acéount given in chapter
aix, in short, we saw that a sentence wmay express a
proposition which would be true in all possible states

of the world, though it is not analytic, the reason

Wiy no exceptions to such a aynthetic necessary truth are
poseible is that exceptions would have to be objecte in
whlch properties were combined in ways which are excluded
by the connections between those properties.

T«%e3s This also explained why one might have the right

to make such statemente as "If this had been  then it would
8180 have been Q" or "If this hed been F then it would not
nave been R“, The connections between properties which
nake some statemenis necessarily true, also give a sense
to counterfactuasl conditional Btatements, by giving us
the right to sssert some of them as true,

(Hote: We coulid generalize this slightly to explain
the concept of entailment. fhe proposition p entails

the proposition g i1 something ensures that if p were true
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then q would be, This can be put more precisely:

The proposition p entails the proposition g if and only
if there is some relation R} satisfying the following
conditions:

1) The relation holds between p and Qs

2) ‘he relation holds between some propositions which
are nelther necessarily true nor necessarily false,

3) If the relation holds between two propositions ¢
and ¥, then this ensures that in any possible state
of the world in which P would be true ¥ would also
be true.

(The relation may be purely formal - i.e. it may be a
tople-neutral relation, or it may be concerned with the
content of the two propositions.)

i suspect that our ordinary expressions of the form
"If £ then Y™ are more like assertions of entailment than
like assertions of material implication, though probably
much more complex than either, &8 can be seen by examining
the sorts of things which are normally regard
justifying such assertions. in consequence, it is not
obvious that what I said in chapter five about logical
forme of propositions, and the logical rogators which
correspond to them, applies without modification to
conditional statements.)

7.E.4. The discussion of informal proofs was intended
to explain how we can become aware of connections between
properiies of the sorts which ensure the necessary truth
_af some synthetie propositions. It also provided =
partial answer to the guestion raised in section 5,
about the manner in which one can become aware of the
r relations between logical technigques in virtue of which
f' propositions whose logicsl forms corresvonded to those
| techniques might have logical properties or stand in

t ‘ B o N
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logical relations. The answer was very vague, namely that
perceiving connections between logieal techniques is the
same 8ort of thing as perceiving connections between
(say) geometrical properties.

It is clear that there is a lot more work to be
done on the subject of informal proof, as I have talked

only about some very simple cases, .nd left many questions
unanswered.

(5 For example, there ies a puzzling fsct which I
have hardly mentioned, except in 6.8.6-7, and without

an explanation of which 1t iz impossidble to glve &
complete account of the way in which informal proofs
work, or the way in whioh we normally come to have know-
ledge of necesmary truth, namely the fact that a person
may be Justified in claiming or believing something,

and for the right reasons, without his being able to ace
clearly or say clearly what the reasons are,

This 1s exemplified by a layman's assertion of an
analytic proposition which he correctly Jjustifies by
saying that it is "true by definition®, even though he
may be gulite unable to explain what it is for a propoaition
to be true by definition. &Similarly, he may have seen
an informal proof, and so be quite justified in asserting
the proposition which it proven, saying "It must be so",
and yet be quite incapable of saying how the proof proves
the proposition., This is connected with some of the
remarks in the appendix on “Implicit Enowledge",

It is pretty certain that if ever = philosopher does
manage to glve a clear and accurate sccount of how
informal proofs work and why we are Justified in asserting
the propositions which such proofs are taken to Justify,
we shall not be able to retort to him that we knew it all
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'hetora, just a2 the person who cannot see that some

. gtatement is true until he has studied a proof cannot

- elaim to have known it all hefore, even though the proof

" does lead him on from things which he did know before.

- Perhaps there is an analogy here between what happens

- when e mathematician convinces us of the truth of some

- surprising theorem by drawing construction-lines and

what happens when a philosopher solves gome kinds of
problem: the philosopher draws "construction-lines" of

g different sort in order to bring out connections between

J concepts, such as the connection between the concept of

. a diagram used in a geﬁmetriaal proof and the concept of

. necessity. (Wss I drawing philosophical "construction=-

- lines" when I talked about rogators in chapter five, in
order to give an account of logicel form and explalin the
connection between formal properties of sentences and

'  logical properties of propomitions?) This suggests

= that if e mathematical proof can enable one to sece that
some synthetic proposition is necessarily true, then

. perhaps philosophical investigations may also reveal
synthetic nscessary truths, This ic something which
requires detailed investigation. (For gome remarks on
philosophical analysis, see Appendix IV,)

T.2.6. Another subject wﬁich.raquires investigation 1s
the relation between our ordinary empirical concepts of
shape and colour, and the idealized concepts which, at
times, it may have appeared that I was discuseing., (Cee
the disclaimers in 3.A.2, and 7.0.7.) Idealize :

are somehow extrapoclated from our ordinary concepts.
Examples are the concept of an "absolutely specific”

gshade of red, or z2n "absolutely specifice™ triangular shape,
and the concept of a "perfect" geometricsl shape, such as
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. the shape of & perfect cube. Philosophers sometimes

. suggest that there is no connection between these
idealized concepts and our ordinary empirieal ones,

At any rate they are usuvally unclear as to how thay are
derived from our empiriecsl concepts, perhaps because they
fall to see that two sorts of idealization sre involved.

TeFabosa, First there 12 the idealization towards perfect
. speecificity, which explains our use of gxpressions like
. "exactly the same shade of colour sa® or "exactly the

same shape as", We see pairs of objects which are more
- and more alike in some respect, and then extrapolate to
the limit, on the assumption that it makes sense to do
80, even though we are not able to discriminste pro-
perties finely enough to base the notion of "exact likeneas"
directly in experience. this kind of exact likeness is
supposed to be transitive, unlike perceptual likeness.
50 the absolutely specific shade of colour (for example)
of my table is a property common to all objects exsctly
1like 1t in respect of colour, (There can be no border-
line cases.) Perhaps some argument can be ziven to
Justify the assumption that it makes sense to talk like
this. I do not know,

7.%.6.,b, The second sort of idealization is guite
different, and helps to explain such concepts as the
concept of & "perfectly straight" line, or a "perfectly
smooth" curve, or a "perfectly plane"” surface, or =
"perfectly perpendicular® pair of lines. 1t may alaso
. be connected with such notions ss a "perfectly pure"
shade of red, or a "perfeetly pure tone", or a "perfect"”
musical octave. For the purposes of this sort of
ldeanligations it is first of all assumed that it mokes

i
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aense to spsak of absclutely specific properties (shapes,
colours, tones, ete.) and then use is made of the fact
thaet in sone cases the properties can be arranged in =
series, apparently tending towards a limit. ihus one
lirne looks straighter (amoother,mare.naarly eircular,
etc.) than another, and & third looks straighter (etec.)
than the first, a2nd so on: 80 we extrapolate and assune
that it makes sense to talk about the perfectly straight
(8mooth, ecircular, €%¢.) line which lies at the end of
ihe series and is straighter (smoother, etc.) than the
others, A similar process may account for the concept
of an infinitaly long line, or the ¢oncept of perfectly
parallel lines, or the concept of infinity in arithmetic
or et theory,. Similiarly, one colour looks a purer blue
than another, and so On, 80 we assume that there ecould
be a perfectly pure shade of blue. In 8ome cases there
may be more than one route by which the limit is
approsached,

TeZebees It ie taken for granted that such methods of
extrapolation fully define the "perfect” concepts which
they generate, and that different methods of extra-
polation may define the same limit. Aand 1t used to be
thought that facts about these perfect concepts could be
discovered with the aid of §ld~atyla Zuelidean proofs.

But 1% is more likely that although the method of generation
of such idealized concepts fully determines sone things
about them (thus, the relation “"inside", applied to
perfect squares, triangles, ¢ircles, ete., is transitive),
nevertheless in order fully to define them it may bLe
hecessary arbitrarily to stipulate that certain relations
hold between them, or that certain etatements about them
are true (such as Fueclid's paral




526

a stipulation is arbitrary (there is nothing in virtue

of which it 1s "correct"), we could adopt alternative
"axioms" and complete the definitions in another way.
This is the tiny grain of truth which lies behind current
] opinions of the sort which I eriticised in 7.C.7{(note).

TeBs6.4s It i8 also sometimes not noticed that the
process of idealization does not remove all empirical
elements from these "perfect" concepta. ience it is
agsumed that geometrical proofs which are concerned with
them nave nothlng to do with objects of experience. This
is why philosophers sometimes talk as if a perfectly
sharp distinction can be made between "pure mathematics"
and "applied mathematics", the latter being regarded as
an empirical science, perhaps a branch of physics,

There is no space here to explain in detaill why this is
muddled.,

7«27« A failure to understand the nature of these
"perfect"” mathematical concepts, or to see the difference
between those "axioms" which served the purpose of come
pleting the definitions of concepts and the "theorems"”
whose truth in ne way depended on arbitrary stipulations
of identifying conventions, left people unable to cope
with the shock of the discovery cof alternative internally
consistent axiom-gystema for zeometry. The notion of a
proof as something which served to establish the truth

of a theorem waa therefore undermined, and philosophers
tried to salvage what was left by treating proofs as
nothing more than methods of deducing consequences from
arbitrary hypotheses or postulates, This at least seemed
to be secure: for, by means of formalized systems of logic
one could at least give fool-proof criteria for the
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validity of & proof. COriticisms of this conception of
proof have been made elsewhere (in 5.0.10,ff, T7.0.9,ff and
Appendix II)., It seems not to have been remlized that
such 8 concention severs the concept of "proof"” com-
pletely from the concept of "truth®. It seeme not to have
been realiged that 1if proofs are intended to serve the
purposes deecribed in section 7.D, namely, to enable
neople to perceive the truth of propositions, to bring
out the reasons why propositions are true, then the search
for & fool-proof eriterion of wvalidity is futile: for,

no matter what criterion is adopted, questions remain
about the justification for accepting proofs which
aatisfy that criterion, and the justification for the
statenent thet any particular type of proof satisfied

the criterion. If a justification is offered, then itg
validity cannot be constituted by satisfaction of the
eriterion in gquestion - that would be circular. The
only way to avoid a cirele is to give up talxing about
eriteria of validity, and either follow Wittgenstein

in his tallk about conventions (in R.F.M,) or try to
explain how we can simply see necessary connections
between properties and other universals by examining

them, perhaps with the aid of informal proofs. (Are
these really distinct alternatives?)

7.2.8., Pinally, the reader is reminded that althougzh an
informal proof enables one to discover that & proposition
1ike "All tetralateralsa are tetrahedrals™ is true without
discovering how things happen to be in the world (i.e.
without looking to mee which particular objects exist
where, and what properties they have, ete,), nevertheless
it is vossible to verify such a proposition empiriecally,




just as (ef. section 6.2) it is possible to verify an
analytic proposition empirically. Thus, one might

carry out & survey of all objects bounded by four plane
gsides in order to discover whether they also possesa

the property of having four vertices. Such an empirical
~ justification for the essertion of the proposition is

- pdequate, despite the fact that 11 lo unnecessary.






